We consider the four dimensional topologically massive electrodynamics in which a gauge field is interacting with 2nd rank antisymmetric tensor field through a topological interaction. The photon becomes massive by eating the 2nd rank tensor field, which is dual to the Higgs mechanism. We explicitly demonstrate the nature of the mechanism by performing a canonical analysis of the theory and discuss various aspects of it.
Introduction
Massive photon is an old idea [1] that started with de Broglie who noticed that photon mass would lead to a faster speed of light with a shorter wavelength. Schrödinger point out the exponential cut off of the Earth magnetic field at distances of the order of the massive photon Compton wavelength. The experimental constraints on the photon mass has considerably increased over the past several decades, putting upper bounds on its mass. So far, the most stringent upper limit is given by m γ ≤ 10 −27 eV [2] .
On the theoretical side, there are several approaches to endow photon with mass. The oldest idea is to consider a massive vector field well-known as Proca theory. The gauge invariance can be restored by introducing a scalar field in the Proca theory [3] . Another attempt is to consider higher derivative Maxwell theory maintaining the gauge invariance [4] . The Higgs mechanism can be invoked and it is applied to spontaneous breaking of electromagnetic gauge symmetry, yielding a slightly massive photon compatible with experiments [5] . The photon can also become topologically massive through the ChernSimons interaction in 2 + 1 dimensional electrodynamics [6] . There are also literatures treating the massive gauge theory in connection with gravity. In Ref. [7] , a gauge theory is constructed maintaining the invariance of the action of massless scalar field under local conformal transformations. The gauge field become massive once the scalar is gauge-fixed to a constant value. In Ref.
[8] R 2 -gravity which has both gauge and conformal invariance is constructed. It is shown that the field equations admit the Proca mass of photon in a suitable gauge. In this paper, we consider a topologically massive gauge theory known as BF theory [9] . In this theory, the Maxwell field is interacting with rank two antisymmetric KalbRamond field [10] through a topological interaction and it is a gauge theory of massive photon; The gauge field becomes massive by eating the massless Kalb-Ramond field. This alternative to Higgs mechanism has found many applications in diverse areas of theoretical physics covering from quantum field theory to superconductivity [11] [12] [13] [14] [15] [16] [17] . Therefore, it is worthwhile to pursue the subject from a different perspective. The purpose of this paper is explicit demonstrations of the nature of this mechanism through a canonical analysis of the topologically massive gauge theory.
Topologically Massive Photon Model
We start with the Lagrangian given by
Here A µ is the Maxwell field, B µν is the antisymmetric Kalb-Ramond tensor field with its field strength defined by
m is the topological mass of the photon. ψ is the Dirac fermion and J µ = eψγ µ ψ is the conserved current. g is a coupling constant with inverse mass dimension and this model has to be considered as a low-energy effective theory, valid for energy scales below an ultraviolet cutoff Λ. For the currentJ µν , several possibilities can be considered [18] . The simplest choice would beJ µν = 0 [11] . Then, the action (1) does not contain any dimensionful coupling and it can be shown that this theory is a unitary, renormalizable theory of a massive spin-one field with no additional degrees of freedom. The next possibility is to considerJ
in which case, the computation of the lowest-order antisymmetric tensor field contribution to the muon anomalous magnetic moment and comparison with experiments can be performed [19] . As an obvious generalization for a tensor gauge theory of spin, the standard Dirac tensor and pseudotensor current densitiesJ µν =ψσ µν ψ andJ µν =ψiσ µν γ 5 ψ can be considered [12] . Both, however are not suitable for a gauge theory, since they are not conserved. In this paper, we consider the current given by [20] 
so that L INT becomes
The action (1) is invariant under the gauge transformation
up to a total derivative term and the gauge invariance is achieved with the current conservation of the Dirac current, ∂ µ J µ = 0. The interaction preserves P and T.
The theory described by the Lagrangian L TM in (1) could be regarded as either massive gauge theory or massive anti-symmetric tensor theory. To see that, compute the equations of motions of L TM which are obtained as
from which one can derive
The first (second) equation of (10) shows that the fluctuations of the field strength F µν (H µνρ ) are massive. On the other hand, one can eliminate B µν in the spectrum by considering an auxiliary field formulation. To show this, let us consider the Lagrangian [13]
Here, U µ is an auxiliary field which can be eliminated through the equations of motion. We first show that the above action (11) becomes the topologically massive gauge theory L TM of (1). The equations of motion for U µ give
Substituting this into Eq. (11) and removing a total derivative term, we obtain the Lagrangian L TM . On the other hand, using the equations of motion for B µν which read as ǫ µνρσ ∂ ρ (A σ − U σ ) = 0, U µ can easily be solved as
with a scalar field ϕ. Substituting Eq. (13) into Eq. (11), we obtain the Lagrangian defining the Stückelberg theory of massive photon:
Thus, using an equation of motion, L A reduces to L TM or L S ; The Lagrangians L TM and L S are classically equivalent. Moreover, their equivalence can also be established at the quantum level by using the path-integral method [21] . These demonstrate that L TMGT of (1) defines a topologically massive electrodynamics in which a massive photon interacts with Dirac fermions. It is to be mentioned that the Stückelberg field ϕ is a gauge artifact that can be eliminated through gauge fixing. Then, L S becomes the Proca theory of massive vector field. The role of ϕ becomes apparent when one discuss unitarity and renormalizability of L S at high energy [22] . On the other hand, the mass of the gauge field A µ in L S is provided by the field strength H µνρ through the relation
coming from (12) and (13), or from (9) . We can interpret this as follows; B µν which has a single degree of freedom due to the gauge invariance (8) is eaten by the gauge field. This mechanism is similar to the Higgs mechanism, but is fundamentally different in a couple of aspects. First of all, there is no spontaneous symmetry breaking involved. Secondly, it is the antisymmetric tensor field which is eaten by the gauge field. Since an antisymmetric tensor field is dual to a scalar field classically, this is a dual Higgs mechanism. From Eq. (15), one can infer that H 0ij which is the conjugate momenta of the dual scalar field in the canonical formulation (see below) is the degree of freedom being incorporated into the longitudinal mode of the massless photon to generate a massive photon. This procedure can be made more transparent and be demonstrated succinctly in the canonical formalism of the dual Higgs mechanism. In passing, we mention that L TM describes also massive Kalb-Ramond theory. Introducing a new anti-symmetric tensor field via
L TM can be expressed as
The K-field can be eliminated via equations of motion and we are left with massive Kalb-Ramond field.
Hamiltonian Analysis
We start with a canonical treatment of the antisymmetric tensor field in order to demonstrate the dual Higgs mechanism in canonical formalism. Let us consider
Define the conjugate momentum of B ij ≡ ǫ ijk Q k and B 0i ≡ C i via
C i is a Lagrange multiplier which produce constraint equations as can be seen in the canonical form of the Lagrangian (18)
To perform the constraint analysis, we adopt the method advertised by Faddeev and Jackiw [23] which greatly simplifies the conventional procedure of Dirac's constraint method [24] . Decomposing P and Q into longitudinal( ) and transverse(⊥) parts
which satisfy
we find the constraint in (20) can be solved explicitly and eliminates P ⊥ . Introducing P = ∇θ and ∇ · Q ≡ η, we have
where the equation of motion of η was used in the second equality. Note that the Lagrangian (23) is precisely that of massless scalar field and we have shown the equivalence of antisymmetric tensor field and massless scalar field in the canonical formalism [25] . θ is the longitudinal part of the conjugate momentum of the original antisymmetric tensor field, and in the dual Higgs mechanism, it is eaten by the massless photon to produce massive photon through the topologically interacting BF term in the action (1), as we now demonstrate. Let us consider the action L = L TM + L INT in (1) and along with (19), we introduce
Note that P and − E are different from the canonical conjugate momenta defined by Π =
∂L ∂Φ
, Φ = (B ij , A i ). We work with P and − E, because use of these variables along with A and Q exhibits more conveniently how P and Q are eventually eliminated from the spectrum and being incorporated into the longitudinal modes of E and A. The conjugate momentum of A 0 is zero as usual and it is a Lagrange multipliers. Then, after a straightforward computations, we find (1) can be put into the following form:
The variables can be separated into transverse and longitudinal modes
with each mode satisfying the same properties given in (22) . L 1 is the Maxwell theory interacting with external source and let us first check that in the absence of L 2 and L 3 , the longitudinal modes can be completely eliminated from L 1 . Using (29) and writing
with the constraint
The constraint can be solved explicitly as E = ∇ ∇ 2 J 0 . Putting this back into (30) and using the current conservation, we find all that is left is the instantaneous Coulomb interaction
up to a total derivative term. Note that the elimination of the longitudinal mode is achieved without appealing to the gauge fixing condition. Thus, we find that if L of (25) describes massive photon theory, L 2 and L 3 are responsible for the longitudinal modes of the massive photon. In order to proceed, we first rewrite Eq. (28) by using (29) together with (21) as
up to total time derivative terms. Here, Eq. (24) and
has been used.
A 0 and C are non-dynamical and produce the constraints given by
We use these constraints to eliminate P ⊥ and Q . From the first equation of (35), we have
and the second equation of (35) yields
The above two relations are prelude to incorporation of P and Q modes into A and E degrees of freedom. Substitution of these relations into (25) yields
where the current conservationJ 0 + ∇ · J = 0 has been used. Defining
b becomes an auxiliary field and can be eliminated through the equation of motion given by
Putting this back into the action (40), we obtain
with
L ⊥ of (39) 
Then, introducing the canonical variables [26] by
we have up to total derivative terms
Note that apart from the terms containing sources, L is the Lagrangian of a massive scalar field in its canonical form. We have explicitly extracted the longitudinal mode as a massive scalar field. Eq. (47) has well defined limits of both m and g going to zero simultaneously; L effectively reduces to L 1 of (32) with the decoupling of the longitudinal scalar mode. For g → 0 with a finite m, the action reduces to the longitudinal mode of massive Proca field with conserved current [26] . The interaction between φ and J is suppressed by a factor of m. In the m → 0 limit with g fixed, the action describes the massless electrodynamics with an additional topological interaction of (7). In this case, the interaction between φ and J is again suppressed by a factor of g. For two point charge sources, ρ( x, t) = q 1 δ( x − x 1 ) + q 2 δ( x − x 2 ), the modified Coulomb potential energy in (47) between the two charges is given by
The topological interaction with g > 0 contributes to the screening of the Yukawa potential, but g < 0 contributes oppositely. It also generates an effective topological point-like interactions between two charges and also longitudinal components of current, ∼ g 2 J · J .
Conclusion and Discussions
In summary, we have explicitly demonstrated the nature of dual Higgs mechanism in Hamiltonian analysis. The process works as follows; P ⊥ generates transverse mass term in (39) via the constraint (37). P is being incorporated into the longitudinal mode of the massless photon in (41) which can be identified with a massive scalar by non-local field redefinition (46). It is the the conjugate momenta P of the dual scalar of the antisymmetric tensor field which is eaten by the gauge field in the dual Higgs mechanism.
Q ⊥ drops out of the system due to the constraint (37). Q was eliminated through the constraint equation (35). The advantage of this method is an explicit display of physical degrees of freedom albeit the cost of manifest covariance. Its canonical form is ready to be quantized with only physical degrees of freedom. It is to be commented that it is obscure to observe how the mechanism is operating in the conventional Dirac constraint analysis of L TM of (2) [24] . We also have obtained effective Hamiltonian with various interaction terms which has a well-defined limit of m and g approaching zero. It would be interesting to extend the present analysis to the non-Abelian generalization of two-form field of Ref. [25] . The explicit extraction of longitudinal mode of massive photon as a massive scalar field in (47) might have some applications in cosmology. Even though the longitudinal mode decouples from the external sources in the vanishing limit of m and g, its gravitational interaction cannot be nullified [26] . In general, such a massive scalar field with an ultralight mass might have important cosmological implications in relation with dark energy [27] ; It can act as an effective cosmological constant before relaxing to its minimum value at φ = 0. The merit in the case of massive photon [28] is that no extra scalar field is necessary; The longitudinal mode itself is the source of dark energy. This aspect deserves further investigation.
